Strong mixing measures for $C_0$-semigroups by Murillo-Arcila, Marina & Peris, Alfredo
ar
X
iv
:1
30
3.
03
27
v1
  [
ma
th.
FA
]  
2 M
ar 
20
13
Strong mixing measures for C0-semigroups
∗
M. Murillo-Arcila†and A. Peris‡
Abstract
Our purpose is to obtain a very effective and general method to prove that certain
C0-semigroups admit invariant strongly mixing measures. More precisely, we show
that the Frequent Hypercyclicity Criterion for C0-semigroups ensures the existence
of invariant mixing measures with full support. We will several examples, that range
from birth-and-death models to the Black-Scholes equation, which illustrate these
results.
1 Introduction
The interest in the dynamics of C0-semigroups of operators comes from the analysis of
the asymptotic behaviour of solutions to certain linear partial differential equations and
to infinite systems of linear differential equations. Especially, the chaotic behaviour (in
the topological and in the measure-theoretic sense) of C0-semigroups has experimented a
great development in recent years (see, e.g., [1, 8, 9, 10, 15, 17, 19, 28, 29, 35]).
We recall that (Tt)t≥0 is a C0-semigroup if T0 = I, Tt+s = Tt ◦Ts and lims→t Tsx = Ttx
for all x ∈ X and t ≥ 0. If X is a separable infinite-dimensional Banach space, a C0-
semigroup (Tt)t≥0 of linear and continuous operators on X is said to be hypercyclic if
there exists x ∈ X such that the set {Ttx : t ≥ 0} is dense in X . An element x ∈ X is
a periodic point for the semigroup if there exists t > 0 such that Ttx = x. A semigroup
(Tt)t≥0 is called chaotic if it is hypercyclic and the set of periodic points is dense in X .
There are analogous properties related to C0-semigroups defined on a probability space
(X,B, µ), where X is a Banach space and B denotes the algebra of Borel subsets of X .
We will say that a Borel probability measure µ has full support if for any non-empty open
set U ⊂ X we have µ(U) > 0. A C0-semigroup is mixing if
lim
t→∞
µ(A ∩ T−1t (B)) = µ(A)µ(B) (A,B ∈ B).
Mixing implies ergodicity, i.e., the invariance T−1(A) = A for certain A ∈ B implies,
either µ(A) = 0, or µ(A) = 1.
The concept of frequent hypercyclicity was introduced by Bayart and Grivaux [11]
inspired by Birkhoff’s ergodic theorem. The first ones that used ergodic theory for the
dynamics of linear operators were Rudnicki [34] and Flytzanis [24]. The notion of frequent
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hypercyclicity was extended to C0-semigroups in [3]. We recall that the lower density of
a measurable set M ⊂ R+ is defined by
Dens(M) := lim inf
N→∞
µ(M
⋂
[0, N ])
N
,
where µ is the Lebesgue measure on R+. A C0-semigroup (Tt)t≥0 is said to be frequent
hypercyclic if there exists x ∈ X such that Dens({t ∈ R+ ; Ttx ∈ U}) > 0 for any
non-empty open set U ⊂ X .
The first version of a Frequent Hypercyclicity Criterion for operators was obtained by
Bayart and Grivaux [11]. Later, Bonilla and Grosse-Erdmann [16] gave a more general
formulation for operators on separable F -spaces. Another (probabilistic) version of it was
provided by Grivaux [26].
In [30], Mangino and Peris obtained a continuous version of the frequent hypercyclicity
criterion based on the Pettis integral. This criterion can be verified in certain cases in
terms of the infinitesimal generator of the semigroup. They also gave applications for C0-
semigroups generated by Ornstein-Uhlenbeck operators, and for translation semigroups
on weighted spaces of p-integrable (or continuous) functions. Their main result was the
following sufficient condition for frequent hypercyclicity.
Theorem 1 ([30]). Let (Tt)t be a C0-semigroup on a separable Banach space X . If there
exist, X0 ⊂ X dense in X , and maps St : X0 → X0, t > 0, such that
(i) TtStx = x, TtSrx = Sr−tx, t > 0, r > t > 0,
(ii) t→ Ttx is Pettis integrable in [0,∞) for all x ∈ X0,
(iii) t→ Stx is Pettis integrable in [0,∞) for all x ∈ X0.
then (Tt)t≥0 is frequently hypercyclic.
Our purpose is to show that this criterion suffices for the existence of invariant Borel
probability measures on X that are strongly mixing and have full support. We also refer
the reader to the recent paper of Bayart and Matheron [13], that offers very general
conditions which ensure the existence of mixing measures.
This is a continuous version of a result that we obtained for single operators [31]. More
precisely, under the hypothesis of Bonilla and Grosse-Erdmann [16], the authors derived
a stronger result by showing that a T -invariant strongly mixing measure with full support
can be obtained.
Theorem 2 ([31]). Let T be an operator on a separable F-space X . If there are, a dense
subset X0 of X , and a sequence of maps Sn : X0 → X such that, for each x ∈ X0,
(i)
∑∞
n=0 T
nx converges unconditionally
(ii)
∑∞
n=0 Snx converges unconditionally, and
(iii) T nSnx = x and T
mSnx = Sn−mx if n > m.
then there is a T -invariant strongly mixing Borel probability measure µ on X with full
support.
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In contrast with the chaotic behaviour in the topological sense, which is trivial to pass
from the discrete to the continuous case, while difficult to go in the other direction (see,
e.g., [18] for hypercyclicity and frequent hypercyclicity), the measure-theoretic properties
are not trivially passed from the discrete to the continuous case, especially because of the
requirement of Tt-invariance for every t > 0. This is why we need to construct explicitly
the mixing measures for C0-semigroups, and they cannot be obtained from the main result
in [31].
Our notation is standard, and refer to the recent books [12] and [27] for the basic
theory on chaotic linear dynamics.
We also recall the main definitions and results about Pettis integrability that will be
needed in the paper. The proofs of all these results can be found in [22] for the case
of finite measure space, but they easily extend to σ-finite measure spaces. Let X be a
Banach space and (Ω, µ) a σ-finite measure space. A function f : Ω → X is said to
be weakly µ-measurable if the scalar function ϕ ◦ f is µ-measurable for every ϕ ∈ X ′,
where X ′ denotes the topological dual of X ; f is said to be µ-measurable if there exists a
sequence (fn)n of simple functions such that limn→∞ |fn − f | = 0 µ-a.e.
Dunford’s lemma says that, if f is weakly µ-measurable and ϕ◦f ∈ L1(Ω, µ) for every
ϕ ∈ X ′, then for every measurable E ⊆ Ω there exists xE ∈ X ′′ such that
xE(ϕ) =
∫
E
ϕ ◦ fdµ,
for every ϕ ∈ X ′. When f : Ω→ X is weakly µ-measurable and ϕ◦f ∈ L1(Ω, µ) for every
ϕ ∈ X ′, then f is called Dunford integrable. The Dunford integral of f over a measurable
E ⊆ Ω is defined by the element xE ∈ X
′′ such that
xE(ϕ) =
∫
E
ϕ ◦ fdµ,
for every ϕ ∈ X ′.
In the case that xE ∈ X for every measurable E, then f is called Pettis integrable and
xE is called the Pettis integral of f over E and will be denoted by (P )−
∫
E
fdµ. Clearly
the Dunford and Pettis integrals coincide if X is a reflexive space. Moreover, if ‖f‖ is
integrable on Ω (i.e. f is Bochner integrable on Ω), then f is Pettis integrable on Ω. A
basic result of Pettis says that, if f is Pettis integrable, then for every sequence (En)n of
disjoint measurable sets in Ω ∫
⋃
n∈N En
fdµ =
∑
n∈N
∫
En
fdµ,
where the series converges unconditionally. As a consequence, if f : [0,+∞[→ X is Pettis
integrable on [0,+∞[, then for every ε > 0 there exists N > 0 such that for every compact
set K ⊂ [N,+∞[
‖
∫
K
f(t)dt‖ < ε.
2 Invariant measures and the frequent hypercyclicity
criterion
We are now ready to present our main result. The idea behind the proof is to construct,
given a C0-semigroup (Tt)t>0 on a separable Banach space X satisfying the hypothesis of
Theorem 1,
3
1. a “model” probability space (Z, µ) and
2. a Borel measurable map Φ : Z→ X with dense range,
where
• Z ⊂ C(R) is a (Rt)t∈R-invariant subset of the space C(R) of continuous functions
on the real line,
• (Rt)t∈R is the translation group,
• µ is a (Rt)t∈R-invariant strong mixing measure with full support, and
• ΦRt = TtΦ for all t ≥ 0.
As a consequence, the Borel probability measure µ on X defined by µ(A) = µ(Φ−1(A)),
A ∈ B(X), is (Tt)t>0-invariant, strongly mixing, and has full support.
Theorem 3. Let (Tt)t be a C0-semigroup on a separable Banach space X . If there exist,
X0 ⊂ X dense in X , and maps St : X0 → X0, t > 0, such that :
(i) TtStx = x, TtSrx = Sr−tx, t > 0, r > t > 0,
(ii) t→ Ttx is Pettis integrable in [0,∞) for all x ∈ X0,
(iii) t→ Stx is Pettis integrable in [0,∞) for all x ∈ X0.
then there is a (Tt)t-invariant strongly mixing Borel probability measure µ on X with full
support.
Proof. We suppose X0 = {xn;n ∈ N} with x1 = 0. Let Un = B(0,
1
2n
), the open ball
of radius 1/2n centered at 0. By conditions (ii) and (iii) we can obtain an increasing
sequence {Nn}n ∈ N with Nn+2 − Nn+1 > Nn+1 − Nn for all n ∈ N such that, for any
sequence (Ck)k of mutually disjoint compact sets with Ck ⊂ [k/2,+∞[, k ∈ N, we have
that ∑
k≥Nn
∫
Ck
Ttxmkdt ∈ Un+1 and
∑
k≥Nn
∫
Ck
Stxmkdt ∈ Un+1
if mk ≤ 2l, for Nl ≤ k < Nl+1, l ≥ n, n ∈ N. (1)
1.-The model probability space (Z, µ).
First of all, we define the following set A ⊂ C(R) of continuous functions: f ∈ A if
there exist a sequence (si)i∈Z of real numbers such that . . . s−4 < s−2 < 0 ≤ s0 < s2 <
s4 < . . . ,
1
2
< s2i+2 − s2i <
3
2
, s2i+1 = (s2i + s2i+2)/2, i ∈ Z, and a sequence of natural
numbers (ni)i∈Z such that f(s2i) = ni, f(s2i+1) = 0 and f ′′|]si,si+1[ ≡ 0 for all i ∈ Z.
Let us define, for each α = ((s2j)
m
j=−n, (nj)
m
j=−n, ε) ∈ R
n+m+1 × Nn+m+1×]0, 1/4[ with
s−2n < · · · < s−2 < 0 ≤ s0 < s2 < · · · < s2m, 12 < s2j+2 − s2j <
3
2
, j = −n, . . . , m− 1, the
set
Aα = {f ∈ A ; ∃t2j ∈]s2j − ε, s2j + ε[ with f(t2j) = nj , f(t2j+1) = 0
for t2j+1 :=
t2j + t2j+2
2
, j = −n, . . . , m− 1, f ′′|]ti,ti+1[ ≡ 0, i = −2n, . . . , 2m− 1}.
They form a base of open sets in A as a topological subspace of C(R) endowed with the
compact-open topology.
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Figure 1: Graph of a typical function f ∈ A
We will introduce a measure in A, and it suffices to define it in the base of open
sets considered above for sufficiently small ε. Actually, if |s2j+2 − s2j − 1| <
1
2
− 2ε,
j = −n, . . . , m− 1, we set
µ(A((s2j )mj=−n,(nj)mj=−n,ε)) =
m∏
j=−n
2εp({nj}), (2)
where p is the probability measure defined in N such that p({nj}) = pj, with 0 < pj < 1,∑∞
j=1 pj = 1 and, if
βj := (
j∑
i=1
pi)
Nj+1−Nj , j ∈ N, then
∞∏
j=1
βj > 0. (3)
As an easy application of Fubini’s Theorem, and because of the selection of the si, it is
clear that µ is a full support Borel probability measure on A. Moreover, A is Rt-invariant
for any t ∈ R, where (Rt)t∈R is the translation C0-group, since given f(sj ,nj)j ∈ A we have
that Rt(f(sj ,nj)j ) = f(t+sj+2k ,nj+k)j ∈ A, where
k := min{j ∈ Z ; t + s2j ≥ 0}. (4)
The definition of µ given in (2) yields that µ is (Rt)t∈R-invariant.
We also note that µ is strongly mixing with respect to the translation C0-group (Rt)t∈R:
Let Aα and Aα′ be two elements from the above base of open sets in A, where α =
((s2j)
m
j=−n, (nj)
m
j=−n, ε) and α = ((s
′
2j)
m′
j=−n′, (n
′
j)
m′
j=−n′, ε
′). If t is large enough then [s−n −
ε, sm + ε]
⋂
[t+ s′−n′ − ε
′, t+ s′m′ + ε
′] = ∅ and
µ(Aα ∩Rt(Aα′)) = µ(Aα)µ(Aα′).
Let us consider the compact subset of A given by
H = {f(sk,nk)k ∈ A ; nk = f(s2k) ∈ {1, . . . , m} if Nm ≤ |k| < Nm+1,
m ∈ N, f(s2k) = 1 for |k| < N1}.
Let Z =
⋃
t∈RRt(H) =
⋃
j∈ZRj(H), therefore a Borel subset of A. We easily get
µ(Z) ≥ µ(H) = (p1)
2N1−1(
∞∏
l=1
βl)
2 > 0.
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Since Z is Rt-invariant and it has positive measure, then µ(Z) = 1
2.-The map Φ.
Given t0 ∈ R we define the map Φ : Rt0(H)→ X by
Φ(f(sj ,nj)j ) =
∑
j≤−2
∫ s2j+2
s2j
S−txnj +
∫ 0
s−2
S−txn−1 +
∫ s0
0
Ttxn−1 +
∑
j≥0
∫ s2j+2
s2j
Ttxnj (5)
Φ is well defined since, given f(sj ,nj)j ∈ Rt0(H), and for l ≥ |t0|, we have that nk ≤ 2l if
Nl < |k| ≤ Nl+1, which shows the convergence of the series in (5) by (1). Let us see that
Ta ◦ Φ = Φ ◦Ra for any a > 0. We will distinguish two cases:
Case 1 0 < a < −s−2:
Ta ◦ Φ(f(sj ,nj)j ) =
∑
j≤−2
∫ a+s2j+2
a+s2j
S−txnj +
∫ 0
a+s−2
S−txn−1 +
∫ a+s0
0
Ttxn−1
+
∑
j≥0
∫ a+s2j+2
a+s2j
Ttxnj = Φ(f(a+sj ,nj)j ) = Φ ◦Ra(f(sj ,nj)j )
since, in this case, 0 = min{j ∈ Z ; a + s2j ≥ 0}
Case 2 s2k < −a ≤ s2k+2, for some k ∈ Z
−, k ≤ −2:
Ta ◦ Φ(f(sj ,nj)j ) =
∑
j<k
∫ a+s2j+2
a+s2j
S−txnj +
∫ 0
a+s2k
S−txnk +
∫ a+s2k+2
0
Ttxnk
+
∑
j>k
∫ a+s2j+2
a+s2j
Ttxnj = Φ(f(a+sj+2k+2,nj+k+1)j ) = Φ ◦Ra(f(sj ,nj)j )
since, in this case, k + 1 = min{j ∈ Z ; a+ s2j ≥ 0}.
Also, Φ is continuous almost everywhere on Rt0(H) for any t0 ∈ R. Indeed, let
(f(skj ,nkj )j )k be a sequence in Rt0(H) that converges to f(sj ,nj)j ∈ Rt0(H) with s0 > 0.
Then, for any compact set C ⊂ R, we have that
lim
k→∞
sup
x∈C
d(f(skj ,nkj )j (x), f(sj ,nj)(x)) = 0.
In particular, for any N ∈ N and ε > 0, there exists n0 ∈ N such that,
if |j| ≤ N and k ≥ n0, then n
k
j = nj and |s
k
2j − s2j | < ε. (6)
Fix n > |t0| and N = Nn. Let ε > 0 such that ‖
∫
I
S−txnjdt‖ + ‖
∫
J
Ttxnjdt‖ <
(3(N +1)2n+1)−1 whenever I ⊂]−∞, 0] and J ⊂ [0,+∞[ are intervals of length less than
ε and |j| ≤ N . By (6) and (1),
‖Φ(fk(skj ,nkj )j
)− Φ(f(sj ,nj))‖ ≤ ‖
∑
j<−Nn
∫ sk
2j+2
sk
2j
S−txknj‖+ ‖
∑
j>Nn
∫ sk
2j+2
sk
2j
Ttx
k
nj
‖
+‖
∑
j<−Nn
∫ s2j+2
s2j
S−txnj‖+ ‖
∑
j>Nn
∫ s2j+2
s2j
Ttxnj‖+
∑
−Nn≤j≤−2
‖
∫ max (sk
2j ,s2j)
min (sk
2j ,s2j)
S−txn2j‖
6
+
∑
−Nn≤j≤−2
‖
∫ max (sk
2j+2,s2j+2)
min (sk
2j+2,s2j+2)
S−txnj‖+ ‖
∫ max (sk
−2,s−2)
min (sk
−2
,s−2)
S−txn−1‖+ ‖
∫ max (sk0 ,s0)
min (sk
0
,s0)
Ttxn−1‖
∑
0≤j≤Nn
‖
∫ max (sk
2j ,s2j)
min (sk
2j ,s2j)
Ttxnj‖+
∑
0≤j≤Nn
‖
∫ max (sk
2j+2,s2j+2)
min (sk
2j+2,s2j+2)
Ttxnj‖ <
1
2n−1
+
1
2n
.
This shows the continuity almost everywhere of Φ : Rt(H)→ X for every t ∈ R. The
map Φ is well-defined on Z, and Φ : Z → X is measurable (i.e., Φ−1(A) ∈ B(Z) for every
A ∈ B(X)).
3.-The measure µ on X.
L(t) := Φ(Rt(H)) is compact in X , t ∈ R, and Y :=
⋃
t∈R L(t) is a Tt-invariant Borel
subset of X because Φ ◦Rt = Tt ◦ Φ.
We then define in X the measure µ(B) = µ(Φ−1(B)) for all B ∈ B(X). Obviously, µ
is well-defined and it is a (Tt)t-invariant strongly mixing Borel probability measure. The
proof is completed by showing that µ has full support. In the proof of [30, Theorem 2.2]
we showed that, for uk :=
∫ 1
0
Ttxkdt, k ∈ N, the set {uk ; k ∈ N} is dense in X . Thus,
given a non-empty open set U in X , we pick n ∈ N and ε > 0 satisfying
∫ s2
s0
Ttxndt+ Un ⊂ U
for any s0 ∈ [0, ε], s2 ∈ [1, 1 + ε]. Together with (1), this implies
µ(U) ≥ µ
({
Φ(f(sj ,nj)j ) ; f(sj ,nj)j ∈ Z, s0 ∈ [0, ε], s2 ∈ [1, 1 + ε],
n0 = n, nk = 1 if 0 < |k| ≤ Nn, nk ≤ 2l, for Nl < |k| ≤ Nl+1, l ≥ n})
≥ ε2pn(p1)
2Nn
∞∏
l=n

 ∏
Nl<|k|≤Nl+1
2l∑
r=1
pr

 > ε2pn(p1)2Nn
∞∏
l=n
(βl)
2 > 0
Remark 4. There exists an alternative way of defining the measure on the space of con-
tinuous functions, by using Brownian motions (for more details see [32],[33]). We denote
by B = B(C([0,∞))), the σ-algebra of Borel subsets of C([0,∞)). Let ωt, t ≥ 0, be
a Brownian motion defined on a probability space (Ω,Σ, P ). Assume that the sample
functions of ωt are continuous. Now, if we denote by FA the σ-algebra of events generated
by the process ωt for t ∈ A. Setting ξt = e
tωe−2t for t ≥ 0, then ξt is a stationary Gaussian
process with mean value Eξt = 0 and correlation function Eξtξt+h = e
−|h|. Then the
measure on B = B(C([0,∞))) induced by ξt is strongly mixing with full support.
In [30, Cor. 2.3] some conditions, expressed in terms of eigenvector fields for the
infinitesimal generator of the C0-semigroup, were obtained to satisfy the hypothesis of
Theorem 3. In consequence we also obtain the stronger result of existence of invariant
mixing measures under the same conditions.
Corollary 5. Let X be a separable complex Banach space and let (Tt)t≥0 be a C0-
semigroup on X with generator A. Assume that there exists a family (fj)j∈Γ of locally
7
bounded measurable maps fj : Ij → X such that Ij is an interval in R, Afj(t) = itfj(t)
for every t ∈ Ij , j ∈ Γ and span{fj(t) : j ∈ Γ, t ∈ Ij} is dense in X . If either
a) fj ∈ C
2(Ij, X), j ∈ Γ,
or
b) X does not contain c0 and 〈ϕ, fj〉 ∈ C
1(Ij), ϕ ∈ X
′, j ∈ Γ,
then there is a (Tt)t-invariant strongly mixing Borel probability measure µ on X with full
support.
3 Applications
In this section we will present several applications of the previous results to the (chaotic)
behaviour of the solution C0-semigroup to certain linear partial differential equations and
infinite systems of linear differential equations.
Example 6. Let us consider the following linear perturbation of the one-dimensional
Ornstein-Uhlenbeck operator
Aαu = u
′′ + bxu′ + αu,
where α ∈ R, with domain
D(Aα) =
{
u ∈ L2(R) ∩W 2,2loc (R) ; Aαu ∈ L
2(R)
}
.
We know that, if α > b/2 > 0, then the semigroup generated by Aα in L
2(R) is chaotic [17]
and frequently hypercyclic [30]. Actually, it was shown that the C0-semigroup satisfies
the hypothesis of Corollary 5 [30]. Therefore, we also obtain that it admits an invariant
strong mixing measure with full support.
Example 7. Rudnicki [35] recently showed the existence of invariant mixing measures for
some C0-semigroups generated by a partial differential equation of population dynamics.
More precisely, he reduced the equation to
∂u
∂t
+ x
∂u
∂x
= au(t, x) + bu(t, 2x),
whose formal solution, given the initial condition u(0, x) = u0(x), is
u(t, x) := eat
∞∑
n=0
(bt)n
n!
u0(2
ne−tx).
He considered the space
X = Xα,β := {u ∈ C(]0,∞[) ; lim
x→0
xα|u(x)| = 0, lim
x→∞
xβ|u(x)| = 0}
endowed with the norm ‖u‖ := supx∈]0,∞[ |u(x)|ρ(x), where ρ(x) = x
α if x ≤ 1 and
ρ(x) = xβ if x > 1. If 2ab log 2 < e−1, β < log2 b + log2(log 2), and α > α0, where α0
satisfies (a + α0)2
α0 = b, then there exists a Borel probability measure µ on X which is
invariant under the solution C0-semigroup generated by the above equation, is strongly
mixing, and has full support [35, Thm 1]. Actually, this fact was shown by reducing the
problem to the translation flow (Rt)t∈R on the space
Y := {g ∈ C(R) ; lim
|x|→∞
g(x)
x
= 0},
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of weighted continuous functions with the norm
‖g‖Y = sup
x∈R
|g(x)|
1 + |x|
.
The corresponding generator is A = D, the derivative operator. We can apply directly
our Corollary 5 to the map f : R→ Y given by [f(t)](x) := eitx, which is a C2-map, and
obtain the same result since span{f(t) ; t ∈ R} is the set of trigonometric polynomials,
which is dense in Y .
Example 8. The chaotic behaviour associated to birth-and-death processes has been
widely studied by Banasiak et alt [4, 5, 6, 8]. We will consider three cases that are shown
to admit invariant mixing measures.
1. In [8] Banasiak and Moszynski studied the following “birth-and-death” model with
constant coefficients:
df1
dt
= (Lf)1 = af1 + df2,
dfn
dt
= (Lf)n = bfn−1 + afn + dfn+1, n ≥ 2.
(7)
Among other things, they studied the chaotic behaviour of the solution C0-semigroup.
Theorem 9 ([8]). Let a, b, d ∈ R satisfy 0 < |b| < |d| and |a| < |b+ d|. Then the
solution C0-semigroup to the Cauchy problem (7) is Devaney chaotic on ℓ
p.
Actually, to show this result they used a spectral criterion (see [7] and [21]) which
is less general than the criterion of Corollary 5. In consequence, we obtain that
the solution C0-semigroup to the Cauchy problem (7) admits an invariant mixing
measure on ℓp with full support.
2. In [2], Aroza and Peris studied the same model with variable coefficients,
df1
dt
= a1f1 + d1f2,
dfn
dt
= bnfn−1 + anfn + dnfn+1, n ≥ 2.
(8)
with an, bn, dn ∈ R and the infinite matrix
L =


a1 d1
b2 a2 d2
b3 a3 d3
b4 a4
. . .
. . .
. . .


.
They intended to obtain sub-chaos (i.e., Devaney chaos on a subspace) results for
birth-and-death type models with proliferation in a wide range of variable coeffi-
cients. They considered the Banach space X on which the operator associated with
L generates a C0-semigroup. Given 1 ≤ p <∞, let
X = X(γ) := {f ∈ ℓp : Lnf ∈ ℓp, ∀n ∈ N, and ||f || :=
∞∑
n=0
||Lnf ||pγ
−n <∞}.
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If the sequences (an)n, (bn)n and (dn)n are bounded, L has an associated bounded
operator Sp on ℓ
p, with spectral radius r((Sp) <∞, and X(γ) = ℓ
p for γ > r(Sp). If
any of the sequences (an)n, (bn)n and (dn)n is unbounded, we have that the operator
SX associated with L is a bounded operator on X and, therefore, it generates a
C0-semigroup TX on X . They obtained the following result:
Theorem 10 ([2]). Let (an), (bn) and (dn)n be sequences of real numbers such that
dn 6= 0 for all n ∈ N, 1 ≤ p <∞, and γ > 0. Assume that either
Case 1. limn→∞ an = a, limn→∞ bn = b, limn→∞ dn = d 6= 0 with |b| < |d| and |a| <
|b+ d| or
Case 2. limn→∞ andn = α, limn→∞
bn
dn
= β, limn→∞ dn = ∞ with α2 6= 4β, |β| < 1 and
|α| < |1 + β|
then the C0-semigroup TX is sub-chaotic on X(γ). Moreover, in case 1, Sp generates
a sub-chaotic C0-semigroup Tp on ℓ
p.
Actually, to show this result they proved that the C0-semigroup solution satisfies
the spectral criterion of [7], in particular the conditions of Corollary 5 on a certain
subspace Y . Thus, we obtain that the corresponding solution C0-semigroup admits
an invariant mixing measure µ on X(γ) whose support is Y .
3. Let us consider the death model with variable coefficients

∂fn
∂t
= −αnfn + βnfn+1, n ≥ 1,
fn(0) = an, n ≥ 1
(9)
where (αn)n and (βn)n are bounded positive sequences and (an)n ∈ ℓ
1 is a real
sequence. Considering X = ℓ1, and the map A given by
Af = (−αnfn + βnfn+1)n for f = (fn)n ∈ X,
since A is a bounded operator on ℓ1, it generates a C0-semigroup (Tt)t≥0 which is
solution of (9). It is shown in [27], that if
sup
n≥1
αn < lim inf
n→∞
βn
then the semigroup (Tt)t≥0 satisfies the hypothesis of the spectral criterion [21], and
then we we can ensure the existence of an invariant mixing measure with full support
on X .
Example 11. Let us consider the solution semigroup (etA)t≥0 of the hyperbolic heat
transfer equation problem:


τ ∂
2u
∂t2
+ ∂u
∂t
= α∂
2u
∂x2
,
u(0, x) = ϕ1(x), x ∈ R,
∂u
∂t
(0, x) = ϕ2(x), x ∈ R
(10)
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where ϕ1 and ϕ2 represent the initial temperature and the initial variation of temperature,
respectively, α > 0 is the thermal diffusivity, and τ > 0 is the thermal relaxation time.
We can represent it as a C0-semigroup on the product of a certain function space with
itself. We set u1 = u and u2 =
∂u
∂t
. Then the associated first-order equation is :


∂
∂t
(
u1
u2
)
=
(
0 I
α
τ
∂2
∂x2
−1
τ
I
)(
u1
u2
)
.
(
u1(0, x)
u2(0, x)
)
=
(
ϕ1(x)
ϕ2(x)
)
, x ∈ R
(11)
We fix ρ > 0 and consider the space
Xρ = {f : R → C; f(x) =
∞∑
n=0
anρ
n
n!
xn, (an)n≥0 ∈ c0}
endowed with the norm ||f || = supn≥0 |an|.
Since
A :=
(
0 I
α
τ
∂2
∂x2
−1
τ
I
)
. (12)
is an operator on X := Xρ ⊕ Xρ, we have that (e
tA)t≥0 is the C0-semigroup solution
of 10. We know from [20] and [27] that, given α, τ and ρ such that ατρ > 2, then the
solution semigroup (etA)t≥0 defined on Xρ ⊕ Xρ satisfies the hypothesis of the spectral
criterion [21], and we conclude the existence of an invariant mixing measure with full
support on Xρ ⊕Xρ.
Example 12. In [14], Black and Scholes proved that under some assumptions about
the market, the value of a stock option u(x, t), as a function of the current value of the
underlying asset x ∈ R+ = [0,∞) and time, satisfies the final value problem:

∂u
∂t
= −1
2
σ2x2 ∂
2u
∂x2
− rx∂u
∂x
+ ru in R+ × [0, T ]
u(0, T ) = 0 for t ∈ [0, T ]
u(x, T ) = (x− p)+ for x ∈ R+
where p > 0 represents a given strike price , σ > 0 is the volatility and r > 0 is
the interest rate. Let v(x, t) = u(x, T − t). Then v satisfies the forward Black-Scholes
equation, defined for all time t ∈ R+ by

∂v
∂t
= 1
2
σ2x2 ∂
2v
∂x2
+ rx∂v
∂x
− rv in R+ × R+
v(0, T ) = 0 for t ∈ R+
v(x, 0) = f(x) for x ∈ R+
with
f(x) = (x− p)+ =
{
x− p if x > p
0 if x ≤ p.
In order to express this problem in an abstract form , we define Dν = νx
∂
∂x
, where
ν = σ√
2
and B = (Dν)
2 + γ(Dν) − rI, with γ =
r
ν
− ν. Then the problem can be
reformulated as: 

∂v
∂t
= Bv,
v(0, T ) = 0,
v(x, 0) = f(x) for x ∈ R+.
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Recently [25], gave a simple explicit representation of the solution of the Black-Scholes
equation, and this representation holds in the spaces Y s,τ . Let
Y s,τ = {u ∈ C((0,∞)) ; lim
x→∞
u(x)
1 + xs
= 0, lim
x→0
u(x)
1 + x−τ
= 0}
endowed with the norm
||u||Y s,τ = sup
x>0
∣∣∣∣ u(x)(1 + xs)(1 + x−τ )
∣∣∣∣.
It is shown that the C0-semigroup solution of the Black-Scholes equation can be repre-
sented by Tt := f(tDν), where
f(z) = eg(z) with g(z) = z2 + γz − r and Dν = νx
∂
∂x
.
For more information and details see [14].
In [23], it is proved that the Black-Scholes semigroup is strongly continuous and chaotic
for s > 1, τ ≥ 0 with sν > 1. We will see that, with a little more effort, the Black-
Scholes semigroup satisfies the spectral criterion in [21]) under the same restrictions on
the parameters and, therefore, the hypothesis of Corollary 5.
Let s > 1
ν
, 0 < ν < 1 and s > 1. Let Ss = {λ ∈ C ; 0 < Reλ < sν}. By Lemma
3.5 in [23], we have that g(Ss) ∩ iR 6= ∅. Then there exists an open ball U ⊂ g(Ss) such
that U ∩ iR 6= ∅ and such that U ∩ R = ∅. In particular, we find an inverse g−1 well
defined (and holomorphic) on U . We set F = L ◦ g−1, F : U → Y s,τ , where L : Ss → Y s,τ
is defined as L(λ) = hλ
ν
, with hλ(x) = x
λ. It is clear that F is weakly holomorphic
since L is weakly holomorphic [23]. Finally, AF (λ) = g(ν g
−1(λ)
ν
)F (λ) = λF (λ) for any
λ ∈ U , where (A,D(A)) is the generator of the Black-Scholes semigroup, and the equality
〈F (λ), ψ〉 = 0 for a fixed ψ ∈ (Y s,τ )∗ and for every λ ∈ U necessarily implies ψ = 0 [23,
Thm 3.6]. Thus, the spectral criterion in [21] is satisfied and the Black-Scholes semigroup
admits an invariant strong mixing Borel probability measure on Y s,τ with full support by
Corollary 5.
References
[1] A. Albanese, X. Barrachina, E. Mangino and A. Peris, Distributional chaos for
strongly continuous semigroups of operators, Commun. Pure Appl. Anal. 12 (2013),
2069–2082.
[2] J. Aroza and A.Peris, Chaotic behaviour of birth-and-death models with prolifera-
tion, Journal of Difference Eq. and Appl. (2011), 1–9.
[3] C. Badea and S. Grivaux, Unimodular eigenvalues , uniformly distributed sequences
and linear dynamics, Adv. Math. 211 (2007), 766–793.
[4] J. Banasiak and M. Lachowicz, Chaos for a class of linear kinetic models, Comptes
Rendus de l’Acade´mie des Sciences-Series IIB-Mechanics 329 (2001), 439–444.
[5] J. Banasiak, M. Lachowicz, and M. Moszyn´ski, Semigroups for generalized birth-and-
death equations in lp spaces, Semigroup Forum 73 (2006), 175–193.
12
[6] J. Banasiak, M. Lachowicz, and M. Moszyn´ski, Chaotic behaviour of semigroups
related to the process of gene amplification-deamplification with cell proliferation,
Math. Biosci. 206 (2007), 200–215.
[7] J. Banasiak and and M. Moszynski, A generalization of Desch-Schappacher-Webb
criteria for chaos, Discrete Contin. Dyn. Syst. 12 (2005), 959–972.
[8] J. Banasiak and M. Moszynski, Dynamics of birth-and-death processes with
proliferation-stability and chaos, Discrete Contin. Dyn. Syst. 29 (2011), 67–79.
[9] X. Barrachina and A. Peris, Distributionally chaotic translation semigroups, J. Dif-
ference Equ. Appl. 18 (2012), 751–761.
[10] F. Bayart, Dynamics of holomorphic groups, Semigroup Forum 82 (2011), 229–241.
[11] F. Bayart and S. Grivaux, Frequently hypercyclic operators, Trans. Amer. Math.
Soc. 358 (2006), 5083–5117.
[12] F. Bayart and E´. Matheron, Dynamics of linear operators, Cambridge University
Press, Cambridge, 2009.
[13] F. Bayart and E´. Matheron, Mixing operators and small subsets of the circle, preprint
(arXiv:1112.1289v1).
[14] F. Black and M. Scholes, The pricing of options and corporate liabilities, J. Polit.
Econ. 81 (1973), 637–654.
[15] T. Bermu´dez, A. Bonilla, J. A. Conejero and A. Peris, Hypercyclic, topologically
mixing and chaotic semigroups on Banach spaces, Studia Math. 170 (2005), 57–75.
[16] A. Bonilla and K.-G. Grosse-Erdmann, Frequently hypercyclic operators and vec-
tors, Ergodic Theory Dynam. Systems 27 (2007), 383–404. Erratum: Ergodic Theory
Dynam. Systems 29 (2009), 1993–1994.
[17] J. A. Conejero and E. M. Mangino, Hypercyclic semigroups generated by Orn-
stein–Uhlenbeck operators, Mediterr. J. Math. 7 (2010), 101–109.
[18] J. A. Conejero, V. Mu¨ller and A. Peris, Hypercyclic behaviour of operators in a
hypercyclic C0-semigroup, J. Funct. Anal. 244 (2007), 342–348.
[19] J. A. Conejero and A. Peris, Hypercyclic translation C0-semigroups on complex sec-
tors, Discrete Contin. Dyn. Syst. 25 (2009), 1195–1208.
[20] J. A. Conejero, A. Peris and M. Trujillo, Chaotic asymptotic behavior of the hy-
perbolic heat transfer equation solutions, Int. J. Bifurcation and Chaos 20 (2010),
2943–2947.
[21] W. Desch, W. Schappacher and G.F. Webb, Hypercyclic and chaotic semigroups of
linear operators , Ergodic Theory Dynam. Systems 17 (1997), 793–819.
[22] J. Diestel and J.J. Uhl. Vector measures, Mathematical Surveys 15, American Math.
Soc., Providence, R.I., 1977.
13
[23] H. Emamirad, G. Goldstein and J. A. Gosldstein, Chaotic solution for the Black-
Scholes equation , Proc. Amer. Math. Soc. 140 (2012), 2043–2052.
[24] E. Flytzanis, Unimodular eigenvalues and linear chaos in Hilbert spaces, Geom.
Funct. Anal. 5 (1995), 1–13.
[25] J. A. Goldstein, R. M. Mininni and S. Romanelli, A new explicit formula for the solu-
tion of the Black-Merton- Scholes equation, Infinite Dimensional Stochastic Analysis,
World Series Publ., (2008), 226–235.
[26] S. Grivaux, A probabilistic version of the frequent hypercyclicity criterion, Studia
Math. 176 (2006), 279–290.
[27] K. G. Grosse-Erdmann and A. Peris Manguillot. Linear chaos. Universitext,
Springer-Verlag London Ltd., London, 2011.
[28] L. Ji and A. Weber, Dynamics of the heat semigroup on symmetric spaces, Ergodic
Theory Dynam. Systems 30 (2010), 457–468.
[29] T. Kalmes, Hypercyclicity and mixing for cosine operator functions generated by
second order partial differential operators, J. Math. Anal. Appl. 365 (2010), 363–375.
[30] E. Mangino and A. Peris, Frequently hypercyclic semigroups, Studia Math. 202
(2011), 227–242.
[31] M. Murillo-Arcila, A. Peris, Strong mixing measures for linear operators and frequent
hypercyclicity, J. Math. Anal. Appl. 398 (2013), 462–465.
[32] R. Rudnicki, Invariant measures for the flow of a first order partial differential equa-
tion, Ergodic Theory Dynam. Systems 5 (1985), 437–443.
[33] R. Rudnicki, Strong ergodic properties of a first-order partial differential equation,
J. Math. Anal. Appl. 133 (1988), 14–26.
[34] R. Rudnicki, Gaussian measure-preserving linear transformations, Univ. Iagel. Acta
Math. 30 (1993), 105–112.
[35] R. Rudnicki, Chaoticity and invariant measures for a cell population model, J. Math.
Anal. Appl. 339 (2012), 151–165.
14
